Abstract In this paper, derived from Maxwell and fluid equations of plasmas, unified nonlinear wave equations are used to describe the parametric decay instability (PDI) in magnetized plasmas, and in view of mode-coupling, we can obtain all the possible PDI channels. By solving the nonlinear equations with a mode-coupling method, we obtain the growth rate of the PDI, of which all of the three waves are ordinary mode (O-mode) or extraordinary mode (X-mode) wave. Under the dipole approximation, an explicit formula of the growth rate of the X-mode and the condition of the equilibrium density scale are obtained. According to the existence conditions of three X-mode waves, this kind of instability might exist in ECRH with the second harmonic X-mode wave.
Introduction
When a RF wave with a large amplitude is coupled to plasma, many electrostatic or electromagnetic perturbations will be excited, and if the RF wave power exceeds a certain threshold, these modes will exchange energy and momentum with each other, then enter a stage of nonlinear evolution, and finally lead to parametric decay instability (PDI). During the past decades, PDI has already been studied in depth [1−5] . Under certain experiment conditions, the power threshold of the PDI of magnetized plasma is very low [6] in the RF wave heating of magnetic confinement fusion [2, 3] , therefore, it can be observed obviously; and at the same time, the electric field intensity of the electrostatic wave, such as the lower hybrid wave (LHW), is so high that there are considerable experiment results of the PDI in this frequency range [7] . Moreover, in the solar wind of space plasma, large amplitude Alfven waves can also excite PDI [8] . But in most cases, PDI can produce some very negative effects, so the aim of this investigation is just how to control the occurrence of PDI. For this very reason, nonlinear wave equations are derived in this paper to describe the parametric decay of inhomogeneous magnetized plasmas; with a fluid model of a precision of the second order, the nonlinear current density term will provide all the possible decay channels.
In general, it is very complicated to rigorously study the PDI described by the above mentioned nonlinear wave equations. Only if the amplitude of the wave is not very large, can we consider it as a perturbation of a linear problem. For example, under the mode-mode nonlinear coupling approximation, we can use weak turbulence theory to investigate the mutual coupling among the modes of plasma, simplify and solve the nonlinear wave equations by the mode-coupling method, then proceed to carry out the linear stability analysis. In this respect, references [9, 10] have already given the results of unmagnetized plasma (such as laser plasma). On this basis, we will derive the general nonlinear wave equations of magnetized inhomogeneous plasmas in the second section of this paper and discuss all of the possible PDI channels. In the third and fourth sections, we will talk over the coupling coefficient and growth rate of three X-mode or O-mode waves, which were seldom discussed before. In the end, we will give a conclusion of this paper.
2 Mode-coupling wave equations of magnetized plasma
For plasmas, the wave equation is
where J is the current density of plasma
In Eq. (2), subscript α denotes the particle species (such as electrons or ions), q α , n α , u α are the charge, number density, and velocity of particles, respectively.
In order to linearize momentum and continue equations, the velocity and density of plasma can be written as (suppose the equilibrium velocity is zero)
where u
α and u (2) α are the first (linear term) and the second order (nonlinear term) perturbation velocities, n α0 is the equilibrium density, n (1) α and n (2) α are the first and the second order fluctuation densities of the plasma, respectively. Substituting Eqs. (3) and (4) into Eq. (2) with a precision of third order small quantity, we have ∂J
and u
α satisfy the following equations
∂n
where B 0 is the external static magnetic field, γ α is the adiabatic exponent and suppose the temperature of particles T α is constant. For most parametric processes, the time scale of the wave field could be divided into two parts: one is a fast component (dominant frequency), the other is a slow component (slow growth or attenuation of the wave's amplitude), by inverse Fourier transform [11] , we can get Ohm's law of the time domain from Eq.
where
is the conductivity tensor of plasma.
The solution of Eq. (10) can be written as
α · ∇u
− → − → µ α is the mobility tensor of the magnetized plasma.
and the non-zero matrix elements are
. Ω α is the particle's cyclotron frequency of the external static magnetic field.
Eq. (12) can be transformed to a time domain like
Substituting Eqs. (7)- (9) and (15) into Eq. (6), at the same time using Eqs. (1) and (11), one has
this is the general mode-coupling wave equation, which will be used below to investigate the decay channels and instability of PDI in magnetized plasmas. According to Eq. (16), we can give all the possible channels of PDI in magnetized plasmas from the view of mode-coupling. That is to say, the left hand of Eq. (16) denotes one wave of PDI, for example, if it is a pump wave, according to the energy and momentum conservation, the right hand of Eq. (16) should be the coupling terms of daughter waves. So, for a four-wave process, the corresponding items are the first line in brackets on the right hand side of Eq. (16), meanwhile the second order density disturbance term of the second line and the first order density disturbance term of the third line in brackets can also contribute to the four-wave process. Except the above mentioned terms, the left hand side terms could constitute a three-wave process. Based on the type of wave, such as a transverse wave or longitudinal wave (denoted by the subscript t or p, respectively), all of these parametric processes are classified as shown in Table 1 . 
From Table 1 , it follows that there are a lot of decay channels of PDI as described by Eq. (16). Further, the formation of instability depends on the growth rate and threshold of each channel, which relate to the plasma condition and pump intensity. So far as we know, for the three-wave process of magnetized plasmas, full electromagnetic processes have seldom been focused on previously. Therefore, the decay channel of a three-wave O-mode or X-mode process will be discussed by the mode-coupling method as follows.
Three-wave O-mode parametric process
According to the mode-coupling method, an O-mode pump wave can decay into two O-mode scattering daughter waves in magnetized plasma (for simplicity, only single particles will be taken into account), the wave field can be divided into space-time slow and fast parts, then
where ε(r, t) is the slow space-time complex variables of the wave field, and the exponent part is the fast spacetime component, subscript "i" refers to the wave marking of the three-wave process, "0" denotes the pump wave, and "1" and "2" are the daughter waves. Suppose the direction of static magnetic B 0 is e z , the wave vectors and the electric field are
(18-c) at the same time, three branch waves satisfy moment and energy conservation:
When the three waves are all electromagnetic waves, from Eq. (16), we have
where,
(21) The velocity in the above equations is the first order velocity, for simplicity, the subscripts are omitted. Because of the characteristics of an O-mode wave in magnetized plasma, the mobility tensor and conductivity tensor can be written as follows
Substitute Eqs. (17)- (19), (21) and (22) into Eq. (20) of the pump wave and obtain the reduced modecoupling equation. As we know, there are two types of instabilities, one is convective instability and the other is absolute instability. According to Rusenbluth's results [12] , if both of the daughter waves are EM waves, the growth rate of convective instability is very low because of their very high group velocities, therefore, we only consider absolute instability in this paper (leave out the second order time derivative and gradient of slow variables, and some second order small quantities such as
and the nonlinear coupling coefficient is
Using the same procedure, the coupling equation of the other two waves can be obtained. During the initial stage of development of the instability, the amplitude of the pump wave can be approximatively regarded as constant g 00 , with the same method as used in reference [9] , the growth rate of instability is
θ is the phase angle difference between the pump wave and the two daughter waves. This is just the same as the result for unmagnetized plasmas [9] , and it can be seen that the growth rate is related to the gradient of the equilibrium density along the direction of the static magnetic field. But in tokamak plasmas, this quantity is so small that it can be ignored; accordingly, it will not be found out in the wave heating of the tokamak.
Besides Eq. (28), we can also have the equations of daughter wave 1 and 2, but both of these equations are not shown here because of their complicated and lengthy expressions. For simplicity, suppose that all of the three X-mode waves propagate along the x direction, then the mode-coupling equations of wave 1 and 2 are
In order to make progress, first, for wave heating in nuclear fusion, the two daughter wave numbers are likely to be much larger than that of the pump one [2−7] , which means that we take the dipole approximation (k 0 =0); secondly, take the average of the phase factor, and if g 1 , g 2 ∝ exp Γt, Eqs. (29), (30) can be solved and further reduced to the following form
when Γ 2 > 0 and ω
, we can obtain
here, L = n α0 ∂n α0 /∂x , is the density scale. In the ECRH of the tokamak, one of the heating schemes is to use the second-harmonic X-mode to achieve the second harmonic resonance from the low field side, that is to say, the pump frequency ω 0 = 2Ω e ; consequently, the frequencies of the two daughter waves just satisfy the above condition, and at the same time, if Eq. (32) is met, this type of instability can grow up. But in this situation, this type of PDI will not exist if one of the daughter wave frequencies is just equal to that of another wave.
Discussion and conclusion
Besides the above mentioned three O-mode or Xmode PDI, there are possible other types of full electromagnetic three-wave parametric processes, such as one O-mode and two X-modes, or vice versa, but the growth rate and coupling coefficient always equal to zero. The growth rate can also be calculated by the dispersion relationship of the three-wave PDI [13] , but the precondition is that the plasma is homogeneously distributed. It is obvious that Eqs. (31) and (32) can apply to inhomogeneous plasmas. In general, the growth rate of this instability is closely related to the wave polarization and amplitude of the pump wave from Eq. (28).
From the above discussion, we provide the possible channels of the PDI in magnetized plasmas and the growth rate of the three O-mode or X-mode PDI, which is has seldom been touched on before. For the three-X-mode PDI, when a PDI exists, the frequency and density scale conditions are presented with the prediction that this instability might take place in the ECRH of the second-harmonic X-mode of the tokamak. But in magnetized plasmas, there always exist electrostatic waves in most of the PDIs. Because of the limited space and scope of this paper, it will be presented in
